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one-dimensional case to our n-dimensional construction.

Keywords: interpolating wavelets, multivariate wavelets, multiresolution analysis,
tensor product, injective tensor norm, projective tensor norm, Besov space
MSC: 46A32, 46B28, 15A69, 46E10

1. Introduction

Chui and Li [6] have constructed a one-dimensional MRA of function space Cy(R)
(bounded and uniformly continuous complex valued functions on R) for interpolat-
ing wavelets. Donoho [17] has derived convergence results for interpolating wavelets
on space Cy(R). Goedecker’s book [20] contains also some material about mul-
tidimensional interpolating wavelets. Goedecker [20] uses the term interpolating
wavelets to mean Deslauriers-Dubuc wavelets whereas some other authors such as
Chui and Li [6] use the term to mean roughly wavelet families whose mother scaling
function has the cardinal interpolation property (k) = dx for all k € Z (one-
dimensional case). We follow the latter convention in this article. Chui and Li [5]
have also constructed a general framework for multivariate wavelets. However, the
theory in that article uses function space L?(R"™) and so it is unsuitable for the
approach in this article. Dubuc and Deslauriers [12, 18] have investigated interpo-
lation processes related to the Deslauriers-Dubuc fundamental functions. Han and
Jia [23] have discussed fundamental functions (see the article for a definition) sat-
isfying the cardinal interpolation property. Numerical values for the wavelet filters
of the Deslauriers-Dubuc wavelets have been given in [20] and [30].

Theory for orthonormal wavelets has been developed e.g. by Daubechies [8,9],
Meyer [38], and Wojtaszczyk [45]. Kovacevi¢ and Sweldens [30] have investigated
the use of digital filters for multidimensional biorthogonal wavelets. Lewis [36] has
constructed a MRA of function space L?(R) for interpolating wavelets in one di-
mension. Lawton et al. [35] have presented conditions for the refinement mask of
an orthonormal MRA. Ji and Shen [27] have given a condition for the refinement
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mask to be interpolatory and a condition for a dual refinement mask. Krivoshein
and Skopina [31] have presented convergence results for frame-like wavelets that are
not frames. Karakaz’yan et al. [29] have described symmetric interpolatory masks
generating dual compactly supported wavelet systems and they have also given
formulas for dual refinement masks. Shui et al. [43] have shown how to construct
M-band wavelets with all the following properties: compact support, orthogonal-
ity, linear-phase, regularity, and interpolation. This kind of scaling functions exist
only when M > 4. Dahlke et al. [7] have developed a new method to construct
higher dimensional scaling functions. Their method is based on solutions to specific
Lagrange interpolation problems by polynomials. Han [22] has investigated sym-
metries of refinable functions. DeVore et al. [13] have developed some theory for
multidimensional orthonormal MRA of space LP(R%), 0 < p < oo, d € Z,. He
and Lai [25] have constructed nonseparable box spline wavelets on Sobolev spaces
H*(R?). Wavelets have also been discussed in [24].

The theory about tensor products of Banach spaces has been presented e.g.
n [41]. We use the notation from [41] for Banach space tensor products in this
article. Schaefer’s book [42] contains some material about tensor products of topo-
logical vector spaces. Book [37] contains also an introduction to tensor products
of Banach spaces. Domanski et al. [15,16] have done some research on them. Mi-
chor [39] has represented tensor products of Banach spaces using category theory.
Grothendieck [21] gives a classical presentation for tensor products of locally convex
spaces. Theory for tensor products of Banach spaces can also be found in book [11].
Kustermans and Vaes [32] have developed some theory for space Cy(G) where G is a
compact or a locally compact group and for the tensor products of Cy(G). Daws [10]
has presented some material on tensor products of Banach algebras. Glockner [19]
has shown that the tensor products of topological vector spaces are not associative.
Reinov [40] has investigated Banach spaces without the approximation property.
Brodzki and Niblo [4] have done some research on the rapid decay property of
discrete groups and the metric approximation property.

An introduction to Besov spaces can be found e.g. in [3]. An introduction to
Besov spaces using the Fourier transform based definition of these spaces can be
found in [44]. DeVore and Popov [14] have investigated the connection of Besov
spaces with the dyadic spline approximation and interpolation of Besov spaces. Kyr-
iazis and Petrushev [33] have given a method for the construction of unconditional
bases for Triebel-Lizorkin and Besov spaces. The relationship between orthonor-
mal wavelets and Besov spaces has been discussed by Meyer [38]. Almeida [1] has
investigated wavelet bases in (generalized) Besov spaces.

Section 2 introduces some definitions used in the rest of this article. We give
some general definitions needed by the MRA’s in section 3. A multivariate MRA of
Cu(R™" K), K =R or K = C, is constructed in section 4. A multivariate MRA of
Co(R",K), K =R or K = C, is constructed in section 5. The interpolating dual
MRA is presented in section 6. The Besov space norm equivalence from Donoho [17]
is generalized for the m-dimensional interpolating MRA’s in section 7. A longer
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version of this article with more detailed proofs can be found at [26].

2. Preliminaries
2.1. General

The set of all positive real numbers is denoted by R and the extended real line by
R.. The set of all positive integer numbers is denoted by Z. We define R := {z €
R:z >0} and Ry, := {x € R, : # > 0}. When A and B are arbitrary sets, f is a
function from A into B, and X C A the image of X under f is denoted by f[X].
The set-theoretic support of a function f : X — C where X is a set is denoted by
Supp.e; f- The topological support of a function f : 7' — C where T is a topological
space is denoted by supp f. When F is a metric space, x € E, and r € Ry the
closed ball of radius r centred at x is denoted by Bg(x;7).

Definition 2.1. When n € Z define
Z(n) ={ke€Zy k<n}.
We define the differences A} and Ay, as in [44] and [2, def. V.4.1].
Definition 2.2. Define
(ALF) () = (Anf)(x) == f(x + h) = f(x)
for allx € R", h € R", and f € C*" and
= An(AYTH)
for allm e N4+2, h € R*, and f € CR".

Definition 2.3. Let K =R or K = C and n € Z,. Let f be a function from R™
into K. Define

Neover (f) 1= max #{k € Z" : f(x — k) # 0}.

Definition 2.4. Let E and F be normed vector spaces. When f is a compactly
supported function from E into F define

Tsupp(f) := inf{r € Rg : suppy.; f C Br(0;7)}.
Definition 2.5. Let n € Z,. Define
Liyans(f,x) :={k € Z" : f(x — k) # 0}

for all f € CR" and x € R™.
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2.2. Sequences and Cartesian Products

Definition 2.6. When n € Z define
0, := (0)kez(n)-
Definition 2.7. When n € Z define J+(n) := {0,1}"\ {0,}.

Definition 2.8. Define &y, := (§,);jez for allk € Z. When n € Zy define egc"] =
ef(n) for all k € Z(n).

2.3. Vector Spaces

Suppose that A and B are topological vector spaces. We define L£(A, B) to be the
set of all continuous linear functions from A into B.

The term operator shall mean a bounded linear function from a normed vector
space into another one. The term projection shall mean a linear projection of a
vector space onto a vector space. The topological dual of a Banach space A is
denoted by A*. Unless otherwise stated A* is equipped with the norm topology.

When A and B are Banach spaces we use the notation A C; B to mean that
A is isometrically embedded in B, i.e. A C B and the inclusion map is distance
preserving. When A and B are topological vector spaces we define A =5 B to be
true iff A and B are equal topological vector spaces When B is a Banach space we
use the notation A C.s. B to mean that A is a closed subspace of B. When E is a
Banach space, A C E, and B C E* we define BLA to be true iff <B, a) = 0 for all
acAandbeB.

When F is a normed vector space and € E we may use the notation ||z|E||
to mean the norm of x in £. When B is a normed vector space and we write
A=, {z € B: P(x)} we assume that ||z|A|| := ||z|B|| for each x € A.

When E is a Banach space and A and B open or closed subspaces of E the
topological direct sum of A and B is denoted by A + B.

Definition 2.9. Let E be a set and A be a vector space so that A C E. Suppose
that || - || 4 : E = Rox is a norm on A. We say that the norm || - || 4 characterizes A
on E iff ||z|| 4 < oo for allx € A and ||y|| , = oo for ally € E '\ A.

2.4. Function Spaces and Sequence Spaces

When p € [1,00], B is a Banach space, and I a denumerable set we denote the [P
space consisting of a subset of B! by IP(I, B). As usual, IP(I) :=,.. [?(I,C). When
K=Ror K=C,n€Z4, and p € [1,00] we denote the LP space consisting of a
subset of the Borel functions from R™ into K by LP(R", K). As usual, LP(R") :=, .
LP(R™,C). When X and Y are Borel spaces define bor(X,Y") to be the set of all
Borel functions from X into Y.

Let K = R or K = C. When T is a topological space we denote the space of
K-valued bounded and continuous functions on T by Cy (T, K'). When F is a metric
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space the space of K-valued bounded and uniformly continuous functions on F is
denoted by Cy(F, K). When T is a locally compact Hausdorff space the space of
K-valued bounded and continuous functions vanishing at infinity [17,34] is denoted
by Cy(T, K). The space of K-valued compactly supported and continuous functions
on T is denoted by Ceom (T, K).

Definition 2.10. Let K =R or K = C and I be a denumerable set. Define
co(I,K) := {(a,\))\ej : (ag(k));io € ¢o(N, K) for some bijection o : N — I}
lalco(l, K)|| := llall, a€co(l, K).

Banach space ¢y (I, K) is isometrically isomorphic to ¢o(N, K).

Definition 2.11. Let K =R or K =C andn € Zy. Let E be a closed subspace of
Cy(R™, K) for which the following condition is true:

Vfe Cy(R", K),ceRy,deR": fe E < f(c-—d) € E.

Leta e Ry, beR"”, and f € E*. The a-dilatation and b-translation of f, denoted
by f(a-—Db), is defined by [6]

a1y i= o (725 (52))

Definition 2.12. Let f € CX", r; e Ry, and f € C(Bgn(0;71))". Let m € N. We
say that pair (f, f) spans all the polynomials of degree at most m iff

> {FopC+W)l5 0y Fx = ) = p(x)

kezn™

forall f € E.

for all x € R™ and for all polynomials p of n variables that are of degree at most m.

We define the modulus of continuity in the standard way [2, def. V.4.2]:

Definition 2.13. Whenn € Zy, m € Z,, and p € [1,00] define
wy'(f31) = sup{[| AR fILP(R")] : h € Br(0;¢)}
and
w(f;t) = wa(f31)
for all f € bor(R™,C) and t € Ry.

The Besov spaces on R" are denoted by B, (R"). We have Z*(R") =t
B3, (R") for all s € Ry where Z°(R") are the Holder-Zygmund spaces [44]. We
also have C°(R") =5 Z°(R") =¢vs B3, (R") when s € Ry \ Zy where C*(R"),
s € Ry \Zy, are the Holder spaces on R™ [44]. When m € N we denote the Banach
space of functions with bounded and uniformly continuous partial derivatives up to
mth degree equipped with the usual norm by C™(R"), see [44].
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Definition 2.14. Letn € R, s € Ry, p € [1,00], and g € [1,00]. Let m € Z and
m > s. Define

—s—1 m
anggﬁkn%m:::”fHL”Rn)+-Ht€NL1F%t s qu(f;ﬂ‘LﬂmiD

for all f € bor(R™,C).

(c)

Norm || - | B}, (Rn)im

is an equivalent norm on B;’q(R”) for the range of pa-

()
B; ,(R™);m
space By (R") on bor(R",C) for the given range of parameters. Note that

LP(R™) C S'(R™) for all n € Z4 and p € [1,00]. See [2, def. V.4.3].

rameters given in Definition 2.14. Norm || - || characterizes the Besov

2.5. Tensor Products

Definition 2.15. When n € Z, define

ég = ®ék[l]
=1
forallk € Z™.

When n € Z,, « is a uniform crossnorm, and Ay, ..., A, are Banach spaces then
the completed tensor product of several Banach spaces is defined by the recursive
formula

A1®o¢ te ®aAn n.s. (A1®o¢ te ®aAn—1)®aAn-

The indexed completed tensor product is defined by

n n—1
&, 4 e (@, 1) 2o
=17 =1

where n > 1. When n = 1 define
1

® Aj =n.s. A1~
(03
j=1

Uniform crossnorms do not generally respect subspaces. However, when X is
a closed subspace of a Banach space F, Y is a closed subspace F, and « is a
reasonable crossnorm on E' ® F' it is possible to use the norm inherited from F®, F
on vector space X ® Y [37, chapter 1]. We give the following definition for this kind
of construction.

Definition 2.16. Let E and F' be Banach spaces and o a norm on EQF. Let X be
a closed subspace of E and Y a closed subspace of F'. Define X ®,, g pY to be the
normed vector space formed by using the norm inherited from EQ4F in the vector
space X QY , i.e. ||u||X®a;E®aFY =ag r(u) for allu € XQY. Define X®Q;E®QFY
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to be the closure of X ®,.pe pY in space E®4F. The notations X @u.per Y and
X®a.porY may also be used for the aforementioned definitions.

Now X ®,.pg_pY is a normed subspace of E®,F and X®Q;E®QFY is a closed
subspace of EQqF.

Definition 2.17. Letn € Z,. Let Ay,..., A, and By, ..., By, be Banach spaces so
that Ay is a closed subspace of By and By @ Agy1 is a linear subspace of Biy1 for
ke Z(n—1). When k > 2 define

k
® Aj =y closp, T}
(Bj)
j=1
where
k—1
Ty :==ns. ® Aj Q(By) Ap.
(Bj)

j=1

When k =1 define

k
® Aj =n.s. A1~

(Bj)
Jj=1

When the assumptions of Definition 2.17 hold

—

<.

is a closed subspace of Banach space By, for all k € Z(n).

Definition 2.18. Let n € Zy. Let Ay,...,An, B1,...,Bn, E1,...,E,, and
Fy, ..., F, be Banach spaces so that

e A; is a closed subspace of E1 and Ey ® Agy1 s a linear subspace of Exiq
forallk=1,...,n—1.

e B is a closed subspace of F1 and Fj, @ By41 s a linear subspace of Fy11
forallk=1,...,n—1.

Suppose that Py : Ay, — By, k= 1,...,n are operators. Let S; :== Py, Ty := 51 =
Py, and Sk :=Tp_1QPy fork=2,...,n. Whenk € {2,...,n} and Sy, is continuous
let

k
T : ®
=1

k
Al — ® Bl,
(Fyp)
=1

(Ep)
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be the unique continuous linear extension of Sy to

k

Ay
(B
=1

Ifk € {2,...,n} and Sy is not continuous let Ty, = 0. When all of the functions Sy,
Ty, k=1,....n are operators define

n

® P, =T,.

(Ey,Fi)
k=1

If any of the functions S, Ty, k =1,...,n is not an operator then

A
is undefined.
There is an isometric embedding
X*Ras Y C1 (X R, Y)" (2.1)
for tensor norms « and Banach spaces X and Y [41], see also [11]. When K =R

or K=C,neN+2 and Xy,...,X, are closed subspaces of C,(R, K) the tensor
product X ®, ---®.X,, is a closed subspace of Cy,(R", K).

3. General Definitions for a Compactly Supported Interpolating
MRA

3.1. Mother Scaling Function

Definition 3.1. Let K = R or K = C and n € Zy. A compactly supported in-
terpolating mother scaling function is a function p € Ceom(R™, K) satisfying the
following conditions:

(MSF.1)
Vk e Z" : o(k) = dk,0

(MSF.2)

R o) = 3 (3 ) wlx - k)

kezn

The Deslauriers-Dubuc fundamental functions satisfy these conditions [17].
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3.2. General Definitions for the Univariate MRA’s

We shall denote the function space for which the MRA is defined by E in this section.
We have either E = Cy(R, K) or E = Cy(R, K) where K =R or K = C. We shall
assume that ¢ € Ceom (R, K) is a compactly supported interpolating mother scaling
function throughout this subsection.

Definition 3.2. Define function ¢ € Ceom (R, K) by
P(z) == (22 - 1)

for all x € R. Function v is called the mother wavelet.
Definition 3.3. Define
Qi = p(27 - —k)

and
Vi = (27 —k)
forallj € Z and k € Z.
Definition 3.4. Define
_Jyp; s=0
i

where s € {0, 1}.

Definition 3.5. When k € Z define

()

gk = Ok,1
hk, = 5]€70
gk = (—1)k_1h1,k.
Definition 3.6. Define ¢ := 6 € E* and ¢ € E* by
bi=2) " Gp(2- —k). (3.1)

kEZ
Define @1, == 273(27 - —k) and 1 := 299p(27 - —k) where j, k € Z.

As ¢ is compactly supported only a finite number of numbers hy, k € Z, and
the other three filters defined by Definition 3.5 are nonzero. Consequently the series
in Equation (3.1) has a finite number of nonzero terms.

Definition 3.7. Define

where s € {0, 1}.
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3.3. General Definitions for Multivariate MRA’s

We will assume that n € Z and either K = R or K = C throughout this subsection.
We will also assume that E =, 5 C,(R, K) or E =, 5. Co(R, K). Furthermore, ¢ €
Ceom (R, K) shall be a compactly supported interpolating mother scaling function
throughout this subsection.

We set

F = Cu(RnaK);E:Cu
s Co(R", K); E=Ch(R, K)

Definition 3.8. Define function @™ € Ceom(R™, K) by

Pl = @) .
k=1

Function @™ is called an n-dimensional tensor product mother scaling function
generated by . Define also gognl]( = (27 . —k) where j € Z and k € Z".

Function ¢! is a compactly supported interpolating mother scaling function on
R™.

Definition 3.9. When s € {0,1}" define function Pl e Ceom(R™, K) by

M=) G
k=1

and Pl = (27 k).

The domain of the Dirac ¢ functional varies in this article. I.e. we may keep d
as an element of different dual spaces A*. When z1,...,2, € R we will identify
0(—21)®...0 (- — zm) with 6(- — (21,...,2m)).

Definition 3.10. Define 3"l € F* by
gl =)@
1=1

and gégnl]( € F* by (ﬁgnl]( = 29" (27 . —k) where j € Z and k € Z"™. Define also
£”] € F* by

n
Pl = ® Cs[y)
=1

where s € {0,1}" and @Lnj]k € F* by &Lnj]k = 29["(29 . —k) where s € {0,1}",
jE€Z, andk € Z".

Goedecker [20] gives formulas for wavelet filters, too.
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Lemma 3.1. Let f € C, meN, r; € Ry, and f € C(Br(0;r1))". Let

M=
=0

and
=@ F
i=0

If (f, 1) spans all polynomials of degree at most m then (f[”], f") spans all poly-
nomials of degree at most m.

Proof. Let

)= sz( H am

=1
where a[i] € Zg(m), i =1,...,n. Define r3 € Ry so that (Bg(0; rl))n C Bgn(0;79).

Now
Z <f~[n](' —k),pl5,. (k;7-2)> fM(x — k)
kezZn
=3 TG =Kl pil e ) S (1) = Kl)
k1€Z kn€Zi=1
=TI (FC = 1021l oy ) £ (K1) = B)
i=1k€EZ
= [T pitxti) = p()
for all x € R™. ) O

In particular, if ¢ spans all polynomials of degree at most m then [ spans all
polynomials of n variables and of degree at most m.

4. Compactly Supported Interpolating MRA of C,(R", K)

We will assume that n € Z; and K = R or K = C throughout this section. We will
also assume that go["] € Ceom(R™, K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K, and ("l are used throughout this section. Chui and Li [6] have
developed a MRA in the univariate case Cy(R).

Definition 4.1. Define

v,fj;%-{xeRmz ") 2ﬂxk>:aez<>°<zn,f<>} (4.1)
kezn

() (w)
Hf|vhj f € V%J

oo?
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for all j € Z.

Definition 4.2. Let spaces Vn(};-), j € Z, be defined by Definition 4.1. We call
{V,S}) : § € Z} am interpolating tensor product MRA of Cy(R™, K) generated by o™
provided that the following conditions are satisfied:

(MRAL1.1) YjeZ:V™ cv

n,j+1
(MRA1.2) ;e V.Y = Cu(R™, K)
(MRAL3) (e, V) = K

: " (u) (u)
(MRA1.4) YjeZ feK¥ :feV,] < f(2)eV,7,,
(MRAL5) VjeZkeZ'.feK* :feV!" « f(-27k eV
(MRA1.6) Vk€Z": ol"(k) =i

Our requirements for the definition of interpolating multiresolution analysis are
stricter and simpler than those in [6]. Condition (MRA1.6) is replaced by a weaker
condition for ¢ in [6] but it is possible to construct function ¢y that satisfies con-
dition (MRA1.6) and generates the same subspaces V1(,1]1') as function ¢.

Under the conditions given at the start of this section (¢[™ is an n-dimensional
tensor product mother scaling function) the conditions (MRAI.1), (MRA1.4),
(MRAL.5), and (MRA1.6) are true. We will show later that conditions (MRA1.2)
and (MRA1.3) are true, too.

Spaces Vrfli), j € Z, are topologically isomorphic to {*°(Z", K). It has been
proved in [28] that

—

> oMy — k) = plnl(0)

kezn
for all y € R™. It follows from the cardinal interpolation property (MSF.1) that
> elly-Kk =1 (4.2)
keZn
for all y € R".
Remark 4.1. The series in Equation (4.1) converges (pointwise) for all a €
[°(Z"™, K) but the series Y ) ;. a[k]o(27 - —k) need not converge in the norm
topology of C,(R", K). For example, consider sequence alk] = 1, k € Z". Now

> kezn alklel™ (27x — k) =1 for all x € R™ but the series >, ;. alk]p™(27 - —k)
does not converge in the norm topology of C,,(R", K).

Theorem 4.1. We have

Proof. The proof is similar to a part of the proof of [6, theorem 3.2]. O
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Definition 4.3. When j € Z and s € {0,1}" define

Wi = {XER"H 3 alk Sjkx aezw(zn,K)}

keZn

v

n,s,J

=l S EWSD,

Spaces W se {0,1}", j € Z, are topologically isomorphic to [*°(Z™, K).

n,s,j?
Definition 4.4. When s € {0,1}" and j € Z define
(Q\1,7) (x) == Z (B ) vl )
keZ

for allx € R" and f € Cy(R",K). When j € Z define Pnuj) = QW)

1,0n,5 "

is a continuous projection of Cy(R™, K) onto W,(l S) g for each

Operator Q( u)

n,s,Jj

s€{0,1}" and j € Z.

Definition 4.5. When j € Z define

and

(W) ._ ()
Quiji= D Qs

s€Jy(n)

Spaces W( n.;+ J € Z, are topologically isomorphic to I°°(J4(n) x Z", K). When
j € Z we have

VS = VS W) = VI 43T W = S W (43)

s€Ji(n) se{0,1}"
Operator quu; is a continuous projection of C,(R™, K) onto W( Y for each j e Z.

We also have QEL = 7(luj)+1 P( Y for all j € Z.

Theorem 4.2. There exist c; € Ry and ca € Ry so that
Hf nliy)fH < Clw(fa2 JC?)
for all f € C,L(R™) and j € Z.

Proof. Let f € Cy(R") and j € Z. Define 71 := rqupp(¢l™). Let x € R™. Define
I := Tipans(p[™, 27x). Now by Equation (4.2) we have

(1-r) 0= 3 (1001 (5) e Cx
=2 (f(X) —f (;)) " (27x — k)

kel
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Let ¢ € I. Now 2/x — ¢ € Bgn(0;7r1) from which it follows that x — 277/ €
Bgn(0;27971). Hence

/
27

r0-1 (5 )\ < w(f;27r). (4.4

Let ¢; := Ncover(QD[n])H‘P[n]Hoo and ¢y = 1] = rsupp(go["]). By Equation (4.4) we
have

(1= PY1) (0 < crwlf:2 7ea). 0
Theorem 4.3. Let f € Cy(R™). Now
lim Hf—Pij‘}fH —0

j—o0

Proof. See also [6 theorem 3.2] and [17, theorem 2.4]. Let j € Z. By Theorem
4.2 we have || f — P, u)f|| < ciw(f;277¢y) where ¢; and ¢z do not depend on j or
f. Since f is umformly contmuous

limw(f;t) =

t—0

and hence

lim Hf - P,Ej‘}f” —0
o]

J—00

Corollary 4.1.
Uv= " K).
JEZ

Theorem 4.4. Lett € Ry. There exists a constant ¢c; € Ry, which may depend
ont, so that

Vi€ Cu(R™),j € Z: w(P f;279t) < crw(f;279v/n).

Proof. The proof of case n = 1 is similar to the proof in [17, section 7.1]. We
will assume that n > 2 in the sequel. Define bijection a[ "N - Z" so that

‘ (p+1)— .Ln] H = 1 for all p € N. It can be proved that this kind of
o0

bijection always exists [26]. Define

l

vra(xh) 1= > (@ = ol (p) — [27x] + 27h) - (27 — ol (p) — |27x)))

p=0

where j,l € N, x € R", and h € Bgn(0;277t). Using Equation (4.2) it can be proved
that there exists ¢; € R4 so that

o
> fju(xh) < e
=0



March 5, 2015 18:3 WSPC/WS-IJWMIP interp-mra-ijwmip

15

for all j € N, x € R, and h € Bgn(0;277t). Let f € Cy(R"), j1 € Z, x; € R", and
h; € Brn(0;277¢). Let a := (f(277k))kezn. Now

z = (Péuj)lf) (x; +hy) — (Pé j)lf) (x1)

- Z( o] a0l @+ )] ) v aer )

from which it follows that
2| < <?u§ ‘a{o’?](l)} — a{crgn](l + 1)} D : Z v, (%1, )| < w(f;277V/n) - e
€ 1=0

Theorem 4.5. Let jo € Z. Suppose that the mother scaling function ¢ is Lipschitz
continuous and let ol be the tensor product mother scaling function generated by
. Then

+ZW(“)7£O R", K).

Jj=Jo

Proof. Let

(w) ' (w)
A=V 4 Z Wi
J=Jo

Define function f € Cy(R, K) by

Ve, xel0,1]
flz)=¢ —x+2;2€[1,2
0; r<0Vzx>2

and function fI"l € C,(R™, K) by
-
k=1

Functions f and fl" are not Lipschitz continuous. As ¢ is Lipschitz continuous all
the functions Pr(fj) g are Lipschitz continuous for each g € C,(R", K). A is a locally
convex space with an inductive limit topology. It follows from [42, theorem 6.2] that
the space A is complete.

Suppose that A would be equal to C,(R", K) as a set. Then we would have
f"l € A. 1t follows from the definition of the locally convex direct sum that

J1

n (w) (w)

S eV Wl
J=Jjo

for some j; € Z, j1 > jo. Now f" = P(u) +1f . It follows that fI" is Lipschitz

continuous, which is a contradiction. Hence A is not equal to C,(R™, K) as a set.d
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The definition of locally convex direct sums from [42] is used here. An example of
a Lipschitz continuous mother scaling function is a Deslauriers-Dubuc fundamental
function with Holder regularity greater than 1. By Equation (4.3) and Corollary 4.1

we have
o !
Co(R™, K) =ps clos | | (V20 + 3wt
I=jo =jo

for all jo € Z.

5. Compactly Supported Interpolating MRA of Cy(R™, K)

A MRA of space Cy(R", K) can be developed in the same way as the MRA of space
Cy(R™, K). Donoho [17] has developed a MRA for the one-dimensional case Cy(R).
We will assume that n € Z; and K = R or K = C throughout this section. We will
also assume that gp["] € Ceom(R™, K) is an n-dimensional tensor product mother
scaling function in this section. Unless otherwise stated, we shall assume that the
same values of n, K, and ¢ are used throughout this section. Note that many
of the series that are pointwise convergent with C,(R™, K) converge in the norm
in Cp(R™, K'). We are also able to represent many subspaces and operators related
to the MRA of Cy(R"™, K) as tensor products of the corresponding one-dimensional
cases.

Definition 5.1. Define

v = { 3 ak]p(2 k) :ac co(Z”,K)}

keZn
|V =15l 1 eV (5.1)
for each j € 7.

Definition 5.2. Let spaces Vrg?j), j € Z, be defined by Definition 5.1. We call

{VTE)Oj) : j € Z} an interpolating tensor product MRA of Co(R"™, K) generated by g
provided that the following conditions are satisfied:

(MRA2.1) VYjeZ:V\) cv!

ST n,j+1
(MRA2.2) U, V%) = Co(R™, K)
(MRA2.3)  (V;er Viio) = {0}
. n (0) (0)
(MRA2.4) VYjeZ feK* :feV,] < f2)eV, ],

(MRA2.5) VjeZkeZ' feK* :feV) = f(-27k eV
(MRA2.6) Vk € Z": ol"(k) = i

Note that in this definition the intersection of spaces VTS?J.) is {0} instead of
C (all complex valued constant functions on R™) as in [6] since here the MRA
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is constructed for functions vanishing at infinity. Donoho [17] does not require the
mother scaling function ¢ to be compactly supported but ¢ has to be of rapid decay
in his construction. He also includes requirements for the regularity and polynomial
span of , which are needed for the norm equivalences to Besov and Triebel-Lizorkin
spaces, into the definition of the MRA. Under the conditions given at the start of
this section (me is an n-dimensional tensor product mother scaling function) the
conditions (MRA2.1), (MRA2.2), (MRA2.3), (MRA2.4), (MRA2.5), and (MRA2.6)

are true.

Definition 5.3. Let j € Z and s € {0,1}". Define

0 n n
WéS)J = { Z a[k]wi’;’k ca€c(Z ,K)}

kezn

0 0
(il e P 752]

Definition 5.4. Let j € Z. Define operator P :Co(R™, K) — Vég-) by

POT= 3 <¢§i‘i,f>so§’,‘i

kezZn
for all f € Co(R™, K). Define operator Qn 5 Co(R" K) — Wr(LOS)J by
n,s,jf Z ,],ka /(binj]',k

kezn
for all f € Co(R™,K) and s € {0,1}".

We now have

(0) _ (0)
Vo = ® Vigs

© _ (0)
Wisj =ns 1,s[k].j”
k=1

©) _ O p)
P, = ®E ISNT and
k=1
© _ O 0
QWSJ - e QLSUC]J
k=1

We give now a general result on the tensor products of the function space
Co(R, K) with itself.

Theorem 5.1. We have

® CO(R’K) ~n.s. CO(RH,K)
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Proof. Define

Fit= . Q) Co(R, K).

We have FI"l ¢ Cy(R™, K). Let ¢ be the Deslauriers-Dubuc fundamental function

of some degree m and ¢[™ the n-dimensional tensor product mother scaling function

generated by ¢. Let spaces V1(2')7 J € Z, belong to the interpolating multiresolution

(0)

analysis generated by ¢ and spaces V,,"/, j € Z, be the corresponding tensor product

j )
spaces. Let f € Co(R™, K). It follows from Theorem 4.3 that Py(m?f — fasj— oo.
Now P f € V%) ¢ P for all j € Z from which it follows that f € FInl = Flnl,

Consequently FM = o Co(R™, K). O

For example, Cp(R)®.Co(R) =,.s. Co(R?). As in the case of C,(R", K) we get

0
VY W £ ColRe, K)
J=jo
when the mother scaling function is Lipschitz continuous. We also have
o0

l
Co(R™, K) =ps. clos | | v +3 W)

”1]0
1=jo Jj=Jo

for all jy € Z.

6. Interpolating Dual MRA

We shall have K =R or K = C and n € Z throughout this section. We shall also
have E = Cy(R™, K) or E = Cp(R", K).

6.1. General

Definition 6.1. When j € Z define
f/n,j ‘=n.s. { Z d[ Qognl]( d Gl (ZTL )}
kezn
|17 = |fIcomm k)|, Fe Vs

We may identify Banach space V;, ; for both E = O\ (R, K) and E = Cy(R™, K)
for each j € Z. It follows also that function i, ; : I*(Z", K) — V,, ; defined by

fng(d) == > d[k]gl}

kezZn

| = |flcu®e Ky

for all d € ['(Z", K) is an isometric isomorphism from *(Z", K) onto V,, ;. We have

f~ c f/n_j < f(2) c Vn7j+1
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and
f € Vn’j <~ f( — 27jk) S Vnyj
for all f € Cy(R™, K)*, j € Z, and k € Z".
Definition 6.2. When j € Z and s € {0,1}" define
Vvﬁﬁj “=n.s. { ZE: d{khﬁijk del (val()}

kezn

Hf|Wn,s,j ) f S Wn,s,j'

| = e w0y

= | Aico®", )

Spaces Wn,w, s € {0,1}", j € Z, are topologically isomorphic to I*(Z", K).
Assume that j € Z, d € I*(J; (n) x Z", K), and

SN d kel

s€Ji(n) kEZM

Now || f|Cu(R™, K)*|| = || f|Co(R™, K)*||. Consequently we may identify the Banach
space W, s ; for both E = Cy(R", K) and FE = Cy(R", K) for each s € {0,1}" and
jEZ.

Definition 6.3. Whenn € Z and j € Z define
Busfi= Y (7o)
for all f € E*.
Definition 6.4. Whenn € Z,, s € {0,1}", and j € Z define

Qussf = 3 (Full) ol

Kkezn
for all f SO

We have QmOmj = Isn,j for all j € Z.
Lemma 6.1.

(i) Vi €Z,s€{0,1}"t € {0,1}" : s #t = Ve Wnej:Quiif =
(i) Operator Qn. s,j 48 a continuous projection of E* onto W, s for all VRN
and s € {0,1}".
(4ii) Qnsj QnSJOPn] forallj,j’ €Z, j<j', ands € {0,1}".
For example, when n = 2 and t = (0, 1) we have Qn ¢,;0 = 0 for all j € Z. When
jEZ, s, t€{0,1}" and s # t we have Wi, s ; N Wt = {0}.

Definition 6.5. When j € Z define

Wn,j ‘=n.s. § Wn,s,j~
seJy (’I’L)
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Definition 6.6. When j € Z define

Qn,j = Z Qn,s,j~

s€Jy(n)

Assume that j € Z. Now operator Qn j is a continuous prOJeCtIOH of E* onto
an and anf = 0 for all f S VnJ We also have an = P, i1 anj and
Vn,j+1 =n.s. Vn] + W n,j-

Theorem 6.1.
(i) ¥j € Zs € {0,1}" t € {0,1}" s s # t <= Wi LW},

(ii) Vi1, j2 €T 1 < jo = Vi, LW

n,j2

(iii) Vi1, ja € L+ j1 > jo <= Wy, LV

71]2

(iv) Vi1, j2 € Z: j1 # jo == Wy j, LW, (W)

n,j2

Proof. Let j € Z, s,t € {0,1}", and k,¢ € Z". Proposition (i) follows from
@Q‘j e,wﬁ"jk> — 64400x. Suppose that ji,jo € Z and j; # jo. If ji > jo then
W(u) C V( ) and Wn leV( w) and hence Wn leW( W oqf J1 < jo2 then Wn,jl C

n,j2

Vi, and V,w2 J_Wélfl and hence W, JIJ_W . So proposition (iv) is true. |

Theorem 6.2. Let f € Co(R", K)*. Then ﬁ,wf — f in the weak-* topology of
Co(R", K)* as j — oo.

Proof. Let f € Co(R™, K)*. Suppose that f € Cy(R™, K). Then

5 (7o) othorr) = (7. (A1)t
kezn

(7P,

}5"_’]- ‘ < ¢ for all j € Z. Consequently

() oo < (11) - (20

NeLar )~ ()

= [(F. 1= PO+ [(PasF PO - 1)

ettt B [Eet B

as j — o0. O

<15n,jf szoj)f>

IN

For example, let
x+1; ze[-1,0]
flz)=¢ —x+1;2€][0,1]
0; otherwise.
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and
—2x —2; x € [—1,0]
fl@):=<2x—-2; z€[0,1]
0; otherwise.

for all z € R. Now
<]51,jfaf> — <f,f> = /Rf(x)f(x)dx = 7%

as j — oo.

6.2. Tensor Product Representation of the Dual MRA
It follows from Equation (2.1) that Co(R", K)*®.sCo(R, K)* is a closed subspace

*

of Co(R™1, K.

Definition 6.7. Let j € Z. Define

>3

A4nJ =n.s. vﬁd-
(Co(RF,K)™)
k=1

Banach space M, ; is a closed subspace of Co(R™, K)*.

Definition 6.8. Define function

¢l @ 1Mz, K) - 1Mz K)
k':lTr
by
el = e, kezm,

n
and extending by linearity and continuity onto whole ® MZ,K).
™
k=1

n

Function £ is an isometric isomorphism from Banach space ® IY(Z, K) onto
s

k=1
Banach space [*(Z", K).

Lemma 6.2. When j € Z

n

® Ll,j —n.s. in,j~
T
k=1

Proof. Let

n
E:=ns. Q) Vi,
™
k=1
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and
Fi=ps Q) 11(Z,K).
P T

Let

n

o = Zl,j

=1
Function « is an isometric isomorphism from F onto E. Let 3 := a0 (¢[")~!. Now
3 is an isometric isomorphism from [*(Z", K) onto E and (&) = H( = Ip (k)
for all k € Z™. When d € [}(Z",K) we have 3(d) = i,,(d) and ||8(d)||z =

O

Hzn,j (d) HCO(Rn,K)* :

Lemma 6.3. When j € Z
‘7n,j —n.s. Mn,j —n.s. ®ﬂ_ ‘71,_7' —n.s. ®€S Vl,j-
k=1 k=1

Proof. Use induction by n, metric approximation property of !, and [41, prop.
7.1]. |

Definition 6.9. Define

n 8, “—n ® Wl,s[k],j
(CO(anK)*)

where j € Z and s € {0,1}".

Definition 6.10. Let j € Z and s € {0,1}". Define operator R, : Vi i1 —
Nn,s,j by

Rns; = ® (Q1,s[k],j|V1,j+1)
(Co(RF,K)™,Co(RF,K)™)
k=1

Assume that j € Z, and s € {0,1}". Now

Rysif = Z (ol (6.1)
Syl

for all f € V, j+1- The series in Equation (6 1) converges absolutely for all f €
Vn j+1- We also have Wn 5.7 =n.s. Nn,s,j and Qn,su = Rn,s,] o P i1
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7. Besov Space Norm Equivalence

7.1. Norm Equivalence for the Besov Spaces in the n-dimensional
Case

This derivation is based on the corresponding one-dimensional derivation in [17].
The cases p < 1 or ¢ < 1 yielding quasi-Banach spaces By , are not discussed in
this article. We assume that n € Z throughout this section.

We give first some definitions similar to those in [38] related to orthonormal
wavelets.

Definition 7.1. Let ¢ : R™ — K be a mother scaling function of an orthonormal
wavelet family. When j € Z, k € Z™, and f € L>°(R"™) define

aul)i=2" | g ix - fxdr
xER™
The spaces V;(p) that are defined in [38] are denoted by V;(p) in this document.
Space V;(p) is a closed subspace of LP(R™) for each j € Z and p € [1, 00| at least
when the mother scaling function ¢ is continuous and compactly supported.

Definition 7.2. Let ¢ : R™ — C be a scaling function of an orthonormal wavelet
family. Let p € [1,00] and j € Z. Define operator Pj@) : LP(R™) — V;(p) by

(PP F)x) = > ax(f)e(2x — k)
keZn

for all f € LP(R™) and x € R™. Define also Q(p) P( ?) Pj(p).

When ¢ is a compactly supported and continuous function operator Pj(p ) is a
continuous linear projection of LP(R™) onto V;(p) for each j € Z and p € [1, .

Definition 7.3. Let p € [1,00], g € [1,00|, and 0 € Ry. Let jo € Z and 7 € Z,
7> 0. Let ¢ : R — C be a mother scaling function of an 7-reqular orthonormal
MRA of L*(R™) and Pj(p) and Q;p), j € 7Z, be the corresponding projection operators.
When f € LP(R™) define

WA oy = || PP 127 (R

+ [ B[N + o)

where
hy =27 | QP FILP®™)|, j €N+ jo
h:= (Bj)?ijo'
Norm || - ||(E‘;%q(w);j0 is an equivalent norm for the Besov space By  (R") and

characterizes By ,(R") on bor(R",C). This has been proved in [38, chapter 2.9
proposition 4].
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Definition 7.4. Let p € [1,00], ¢ € [1,00], and 0 € Ry. Let jo € Z. Let Pflu])
and Q(u)- J € Z, be the projection operators belonging to a compactly supported

n,3’

interpolating tensor product MRA of Cy(R™). When f € C,(R™) define

LIS, o = [PLA122 @) + e + o)
where
hy =27 | QU SILP(RY)|[,  j € N+ jo
h:= (hj);'x}:jo'

Definition 7.5. Let p € [1,00], q € [1,00], and 0 € Ry. Let jo € Z. Let go[ " and

w[’] wJEZ, se Ji(n), keZ" be the dual scaling functions and dual wavelets
belonging to a compactly supported interpolating tensor product MRA of Cy(R™).

When f € C,(R™) define
(7)) o

(w) —
||fHBqu(R");jo T
o= ({4l 1))
4 ( ws,],f7f> s€Jy (n),LeZn

p> J=Jo
Definition 7.6. When j € Z and p € [1,00] define

VY (p) = {x ER"— Y alk ac lP(Z")}

keZn

q

and |[/1V,) ) = 1A1EP @) for alt € VL) ().
Definition 7.7. Let j € Z and p € [1,00]. When T € L(LP(R™), LP(R™)) define
Tl = [| Tl ) 1£7E ), PR

Definition 7.8. Let j € Z and p € [1,00]. When T € L(C,(R™),C,(R™)) and
T[V;(p)] C LP(R™) define

115, = || @le, ) £V ), 27 R)) |
Definition 7.9. When p € [1,00] define

p_.
L1 pell oo
Cinterp(p) = p- ! _ o
1; p=1Vp=oo.

Lemma 7.1. Suppose that g € [1,00] and t € Ry. Let a(j,j') := 9=li'=ilt for all
7,5 € N. Define

oo

Ab = | Y alj,5)b;

S —
=0 jEN
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for allb € 19(N). Then A € L(I9(N),l9(N)).

Proof. Cases ¢ = 1 and ¢ = oo can be proved by starting from the expression of
Ab where b € [9(N). When ¢ €]1, oo[ the proof is based on interpolation of Banach
spaces, see [2]. m|

Theorem 7.1. Let p € [1,00], ¢ € [1,00], jo € Z, 0 € Ry, and n/p < o < r9.
Let ¢ be a scaling function of a compactly supported interpolating tensor product
MRA of C,(R™) and @ : R™ — C a compactly supported and continuous mother
scaling function of a (|o] + 1)-regular orthonormal wavelet family. Suppose that
oMl € ¢ (R™). Suppose also that (¢, ") and (27 @*, @) span all polynomials
of degree at most [o] — 1. Let B be the normed space By ( MY N Cu(R™) equipped

with some Besov space norm. Then | - H Rn) and || - H R, GT€ €quivalent

norms on the vector space B and norm || || chamctemzes B on Cy(R™).

Bg ,(R™)sj0

Proof. Let 7y := |o| + 1. We prove first that ||f||BG J®™)do < c||fHBc, J®)do for
all f € B and for some ¢ € R,. Define ¢’ by

1 1
q q
There exists ¢; € R4 so that
‘Péuj) o < ¢y - onU'=a)/p (7.1)
Vi (p

for all j,j' € Z, 77 > j. There exists ca € Ry so that

<c 'Cinterp(p) : 2(j,7j)f0 (72)

-
IV (p)

for all j,5' € Z, 3/ < j. These two results can be proved by Banach space interpo-
lation between cases p =1 and p = co. Let f € B. We have

W Al o [ 50, = A®)
PO = P | P Qs

Jj=Jo

p

pw

Jo

(p
Jo

|,

<3 H‘P(p)fH 43 . 9(n=njo)/p Z 2—](0—*)11[ ]

J=Jjo

(ZD) f

Vio (p) Vit1(p) P

where h := (QjUHC_Qg-p)pr)]?’ijo. Let

c4:=c3- 2(n—njo)/p . H (27]”(07%))

o0

J’'=jo

q’
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Now

where c3 and ¢4 do not depend on f. We have

fH <o P fH + ca|B|, < max {es, ea} - 17115y,

ows], = et (22 + 3 @y

I_
=Jjo p

pP) H H ()
(p)H / Z On
for all j € Z, j > jo. It follows from Equation (7.2) that

7 @n;

<[t

5(p) H
V/+1(P)HQ] f p

P(P)fH < cs .9~ j(Fo—0o)
p

Jo

Vjo (p) ’

for all j € Z, j > jo, where c5 is independent of f. Consequently

(2]0’ Q(u) ’P;P) H ) < s <27j(7:070-))°° P(P)fH
Vig) 170 “lip )50 J=jo
— P(P) < (0) 73
= PO1] <l o (7
When j’ < j it follows from Equation (7.2) that
9jo (u ) H 7(?) H < e 2_|j/_j|(F0—0)171 ./ 7.4
Q ™I V’+1(P) QJ f p ! []] ( )
When j’ > j it follows from Equation (7.1) that
gic|| o H H(®) H < co - 271 =l 0= R 75
i, e, <e i (75

Let

. n o _
wi=minqo——,7g—0o
p

and c¢g := max{cz, cs}. Now by Equations (7.4) and (7.5)

o 5 ol o2
|| Z Q " Vj’+1(P) Q] f p
Jj=Jo q
<o) [ 35 2oy
7'=Jo d=io Il

It follows from Lemma 7.1 that

a < caol[Bl, < eroll 715 o (7.6)
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where c1g depends only on w and jo. By Equations (7.3) and (7.6) we have
Hf”é)‘;,q(R");jo < Cw||f||5‘§§,q(R");jo

We prove then that ||g||5;1;q(w);j0 < c||g||Bd JE) o for all g € B and for some

c e R;. Now
el + 3= lattol, = [Pt + 3 [ 2aita],

<|

Q) §jzw

q] =Jjo

()
P’n.,jong +

(letal,)

< ennllgllzy  mny, < 29l gy, € Ro

where c¢11 and ¢12 do not depend on g. Consequently

TR WTRY
Jj=Jo

in LP(R™) as m — oco. We have

p(p) _ |l p®
|20 = [P0 (£ + 3 @

Jj=jo

p
p(P) () ()
< |57 22 Z |7l
S 613‘ PT(L])OQ ’ +013 Z 27 ]Uh
Jj=Jo
gqqﬁ; ]+qﬁ2fﬂjmqqu
< cullgl$s @y

where h := (2 J"HQ(u)gH )] 2;_- There exists ¢15 € Ry so that

\V‘P@ < €15~ Cinterp(p) - 2977 (7.7)

v ()

for all j,5' € Z, 77 < j. This can be proved by Banach space interpolation between
cases p = 1 and p = co. Furthermore,

o, - o (s 55 0t

J'=jo

o, + ZWW

P

pw HQ(%IQ

,Jo

IN

HQ (p)
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It follows from Equation (7.7) that

27 Q|| P ‘ < g2 P |
for all 7 > jo where cy¢ is independent of g. Consequently
H (210 H‘ ™y ) | ‘ < c16 (2_1'(7"0—0))‘_‘ ‘PS})O ‘
P/ j=jo J=Jo |lq P
_ plu ) < ) 78
=ar|[Pojod| < errllglsg, @yge (78)

When j’ < j it follows from Equation (7.7) that

9jo Q§p)

HQ(“) gH < 1 - 27 1=l o=op 1), (7.9)
When 5’ > j it follows from uniform boundedness of the projection operators that

2@ lene

‘ < 19271 =dlon . (7.10)
Let
z:=min{o,rg — 0o} .

Now by Equations (7.9) and (7.10) we have

o0

o0
b= || X 2o et
J'=jo Jj=Jjo q
< e [ 32 20

3'=do j=so Il

It follows from Lemma 7.1 that
(1)
b < eanlhll, < 621||f||Bqu(Rn);jo. (7.11)

where c1 depends only on z and jo. By Equations (7.8) and (7.11) we have

IlS5) o < coallgly gno-
Suppose then that ||g||5;)5,,l2(w);j.O = oco. Let
oo
Ab = Z 9l =il=p;] . beCNth,
1= i=do
Now
o= H (27l ) | < sl oo,
Jj=Jjo
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By the continuity of Aljamyj,) we must have [|hf|, = oo. Consequently
||9”Ba JE)s0 = OO =

It is possible to construct an orthonormal compactly supported Daubechies
wavelet family with arbitrary high regularity 7 € R, and polynomial span (number
of vanishing moments) d € N [9]. Consequently, when j, € Z, 0 € Ry, p € [1,00],
q € [1,00], n/p <o <y, oM e CR™), and (@I, @) spans all polynomlals of

degree at most [¢] — 1 function ™ defines an equivalent norm || - || By (B"):jo OO

)ido
Banach space B.

Theorem 7.2. Let p € [1,00], ¢ € [1,00], 0 € Ry, jo € Z, 79 € Ry, and n/p <
o < ro. Let o!" be a scaling function of a compactly supported interpolating tensor

product MRA of C(R™) and suppose that oI € C™(R™). Let B be the normed

space By (R")NCL(R™) equipped with some Besov space norm. Then || - ”B“ (R0

and || - ||B(, SR 0T equivalent to the mnorm of B and they characterize B on
Cy(R™).

Proof. Define

a;(f) = <<7;£na]k’ f>)sej+(n),kEZ"

where f € B and j € Z. By applying Banach space interpolation to cases p = 1
and p = co we get

- (n]
2 << Jovk’f>>kezn ’ ’JofH
ndo (n]
Se2w ‘(< Jﬂvk’f>)kezn (7.12)
p
and
es-27 % lay(N)l, < QS]] <27 F s,
for all j € N+ jo and f € B. Consequently
(2 Pllas(Nl,) _ \ < (2]‘0 Qi ) ‘
I=do llg P/ =0 |lg
e (@ Pas(nl,) _ | @)
B q

for all f € B.
Let ¢5 := min{c; - 2790/P ¢3} and ¢g := max{cy - 270/P ¢, }. Tt follows from
Equations (7.12) and (7 13) that

||f|| ]Rn jo — ||fH Rn )ijo — cGHf”Ba (R™)340

for all f € B. |
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It is possible to construct Deslauriers Dubuc wavelet families with arbitrary
high regularity » € Ry (i.e. ™ € C"(R™)) and polynomlal span d € N El?]. As a
i)

”B” L(Bn);50 20d I- ”Bg,q(R");jo
are equivalent to the restriction of some norm of Besov space By ,(R™) onto the
vector space By (R") N Cy(R") and these norms characterize By  (R") N Cy(R™)

on C,(R™).

direct consequence of Theorems 7.1 and 7.2 norms || -

7.2. Consequences of the Besov Space Norm Equivalence

In particular, the Besov space norm equivalence holds for Holder spaces C'?(R™) for
o € Ry\Z. Whenn € Z;, 0 € Ry, and q € [1,00] we have B, ,(R") C C(R"™) [44,
prop. 2.3.2/2(i) and eq. (2.3.5/1)].

Definition 7.10. When n € Zy and jo € Z define

Q(n,jo) = {(On,jo. k) : ke z"}u | ] ] {(s.4.k):kez"}.

j=jos€Jt(n)

As the Banach space BZ, . (R") = Z7(R") is isomorphic to I [44, section
2.5.5. page 87] the set {¢ : @ € Q(n, jo)} cannot be a Schauder basis of BZ, . (R")
with any summing order.

Remark 7.1. Suppose that n € Z,, jo € Z, 0 € Ry, and ™ € C"(R™) where
r € Ry, r > o. There exists 1 € Z, so that supp ¢!} € Bga(0;71). Consider

f _ZQ J0+k)01/}[ nJ

Pt el jo+k,n(k)
where
c:=2r + [29°](2[0] + 1)
n(k) = c- 2"kel"
for all k € Z, k > jo, and the series converges in Cy(R™). Let m := [r] and

.— 9~ (jo+k)o [n
l/f 1 jo+k,n(k)

for all k € N. As w[ € BZ, (R") it follows that there exists ¢; € Ry so that

[n

oo (G c1t? (7.14)

t) <
for all k € N and t €]0,1[. Define S;(y) := Bgn(2779¢;279r1 +y). where j € Z,
¢ e Z", and y € Ry. Suppose that ¢; €]0,1[. We have

SUPDge; ARGk C Sjg-+e,n(i) (M) (7.15)
for all h € Bg»(0;t1) and k € N. Furthermore,

Sjotkmk) (M) O Sjo1na) (m) =0 (7.16)
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for all k,1 € N and k # [. Using Equations (7.15) and (7.16) we obtain
wee(fit1) < sup{wi(gr;ta) - k € N} (7.17)

We have f € L*(R"™) and by Equations (7.14) and (7.17) wZ(f;t1) < cot]. Thus
f € By oo(R).
Suppose that

F=>d®) v
k=0

for some sequence d € C2(™0) where the series converges in BZ, (R™). Define

b

& = Z d[e(k)] k)

k=0

where b € N. Let b; € N. Define
J1:=max{j(u(k)) €Z: k€ Zy(b)} + 1.

There exists k1 € N so that ¢(k1) = a(j1 — jo). Now j1 # j(u(k)) for all k € Zy(b1)
and consequently ¢(k1) # (k) for all k € Zy(by). It follows that ky > by. Let
k‘g = j1 —jo. Now

(k) = (el 41, - 2P kpel).
We have

‘<1LL(,€1)7 f - §b1>

S [CHEES)

s€Jy(n),kezm

oo

and ’<1/;L[?]]€1)a f - §b1> = 27(j0+k2)0. Hence

1< 9(jotka)o

(>

< Hf - Ebl ||g/gi’w(R");jo'

Thus &, /4 f in Banach space BY, ,,(R") as b — oo.

(L) s f — )

s€Jy(n) kEZ™ ||

’ )OO
oo/ j=jo

<

(<1Zg,l]]k7 f - €b1>)

s€J(n),keZn

Theorem 7.3. Letn € Zy, 0 € Ry, q € [1,00], and jo € Z. Let ¢! be a mother
scaling function of a compactly supported tensor product MRA of Co(R™). Suppose
that ©"l € C™(R™) for some r € Ry, r > o. Then {¢ : a € Qn,jo)} is an
unconditional basis of Banach space B, ,(R™) N Co(R™) equipped with a norm of
Bgo,q(R”) and the coefficient functional corresponding to basis vector Vo is 1[)& for
each o € Q(n, jo).
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Proof. Let
Sj(m) == {(0n, 5. k) : k€ Z", |[k[l, <m}, j€ZmeN
DS,j(m) = {(Svja k) : k € Zn’ ||k||2 S m}a ElS {Oa 1}n7] € Zam € N
Dj(m):= |J Ds;(m), j€ZmeN.
s€Jy(n)
Let

my :=min{m € N:Vk € Z" : (|[kl| .. >m = Vs € {0,1}": '} = 0)}

mo = [ml \/ﬁw
Jjo+k—1

Ak) = Sj,(2°k)U | Dilma +2°k), kez.
l=jo
Define s(a) = ¢/, j(a) = j/, and k(a) = k' for alla = (¢/, j/, k'), s’ € {0,1}", j' € Z,
and k' € Z". Let f € BZ, ,(R") N Co(R"). Let n: N — Q(n, jo) be a bijection. Let
Ba := (W, f) for all a € Q(n, jp). Define
g { (Vas [ a & nlZo(m)]

« 0; otherwise
for all m € N and « € Q(n, jo). Define
gm = Z ﬂém)lﬁa
a€eQ(n,jo)
for all m € N. There exists ¢; € Ry so that
|0 )| < €1l (7.18)

for all f € Co(R™) and a € Q(n, jo)-
Let h € Ry. Choose j; € Z, j1 > max{jo,0} so that

. ~ ©° h
27 (] <. 7.19
TCHCC R WA 1 I T
q
Choose r; € R4 so that
h
sup{[f(x)[ : x € R", [x]| > r1} < (7.20)

2nF2H519 (51 — jo)er
and let ms := max{j1 — jo, [r1]}.

Choose my4 € Z4 so that A(mg) C n[Zo(ma)]. Let 1 € N, I > my. If s(n(l)) = 0,
we have

m h
|85 ) sowezs|| < 5 (7.21)

)jll
oo/ j=jo

If s(n(l)) # 0,, we have

-

1
(o +N)|| < 7. (7.22)

( (77_14))
sk Jse g, (n) kezn
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Thus by Equations (7.21) and (7.22) we get

(21" (65?,1) ‘ )
oo/ j=jo

By Equations (7.21) and (7.23) we have Hfm4||(l;”g) (

h
F(jo+N)| < 5 (7.23)

)SEJ+(n),keZ"r

< h. It follows that

R™);j0
Sm = Zﬂn(l)wn(l) — g
=0

as m — 0o where the series converges in Banach space B, ,(R"). We also have
Sm — g as m — oo in Banach space Co(R™). If we had g # f we would have

<'l/~)'yvf_g> = <11Z~J'yaf>_<d~)'y,g> 7& 0 for some y € Q(n»j0)~ Now <¢;'yag> = B’y = <7J]'yvf>a

which is a contradiction. Hence f = g. O

Theorem 7.4. Let n € Zy and jo € Z. Let 0 € Ry, p € [1,00], and q € [1,0].
Let o™ be a mother scaling function of a compactly supported tensor product MRA
of Cw(R™). Suppose that o™ € C™(R™) for somer € Ry, r > 0. Let f € By (R™).
Then

f) = > (e Nalx)

a€Q(n,jo)

for all x € R™ and the series above converges absolutely for each x € R™.

. <2<a;:>j ‘ )
P/ j=jo

W?},k,ﬁ} <27 (7=5)iq (7.24)

Proof. Let

(@ n)

s€J4(n),keZ™

Now

for all s € Jy(n), j € N+ jo, and k € Z™. Let
Ag(x) == {(Omjo,k) 1 X € supp SDE‘Z],kJ{ € Z"}
for each x € R™ and
Ap(x) = {(s,jo +k—1,k): x € supp wiﬂﬁkfl’k,s € Ji(n),ke Z"}
for each x € R™ and k € Z,. Let n: N — Q(n, jo) be a bijection and define

my [ (Do £); @ & n[Zo(m)]
B = {0; iy Z[Zo(m)] (7.25)

for each m € N and « € Q(n, jo). Let

gm(x) = Z@Ln(k)a f>wn(k) (x)

k=0
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for all x € R™ and m € N. It follows from Theorem 4.3 that
o0
X) = Z Z (Yo, [)ha(x)
k=0 a€ A (x)
for all x € R™. Define ¢; := max{[|[¢{" || :s € {0,1}"}. Let y € R and h € R,
Define m; := max{#Ag(x) : x € R"}. Let

crmia

n
J1 :=max < jo + 1, <0) logy ——m—F———
p ? (1_2 (U")h)

Choose my € N so that Ak(y) C n[Zo(mz)] for all k € Zy(j1 — jo). Suppose that
m € N, m > mq, and ag € Aj 4 for some ky € Zy(j1 — jo). By Equations (7.24)
and (7.25) we have

-l <ad 3

wl-a X

k=0 acAx(y) k=j1—jo+1 acAk(y)
1
<empa 2707~ o
1—2-(=%)
Thus g, (x) = f(x) as m — oo for all x € R™. |
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